ATAA JOURNAL
Vol. 30, No. 6, June 1992

Finite Element/Penalty Function Method for Computing

Stresses near Debonds

Joseph P. Fuehne*
Cooper Oil Tool Division, Houston, Texas 77251
and
John J. Engblom¥
Florida Institute of Technology, Melbourne, Florida 32901

A shear deformable, finite element penalty formulation is developed for predicting stress fields, particularly
interlaminar shear and normal stresses, in thick composite laminates and near a delaminated free edge in a
laminated plate. A fully three-dimensional 20-noded finite element is coupled with the feature of integrating the
equilibrium equations to compute interlaminar shear stresses and characterize three-dimensional stress fields. As
an alternative to using the constitutive equations, the integration of the equilibrium equations provides an
improved variation of interlaminar shear stresses through the thickness. Penalty functions are utilized in the
formulation to represent continuity or discontinuity between layers of elements. Proficient use of these penalty
functions allows simple definition of critical interfaces in a composite laminate where delamination has
occurred. The flexibility of the formulation permits the consideration of different sizes of debonds without
having to create a new model. In this paper, thick composite laminates are considered to demonstrate the
improved variation of interlaminar shear stresses computed by integrating the equilibrium equations. Finally, a
[0 deg/90 deg/0 deg] undelaminated plate subjected to uniform axial extension is compared with the same
geometry containing a free-edge debond, one ply thickness in depth.

1. Imtroduction

ESIGN and, in particular, stress analysis of laminated

composite structures are typically complex due to the
orthotropy of composite materials. Closed-form or exact solu-
tions exist only for problems that contain simple layups,
boundary, and loading conditions. As a result, numerical
modeling techniques derived from energy principles have as-
sumed a large role in stress analysis of fiber-reinforced com-
posites. Specifically, the finite element method (FEM) adapts
well to problems of complex geometry, constraint, and load-
ing conditions.

As a result of the low interlaminar strength properties of
fiber-reinforced composites, characterizing interlaminar shear
and normal stresses is critical and presents a challenging prob-
lem to the stress analyst. Monolithic materials do not exhibit
these unique properties. The results presented herein combine
research in shear deformable finite element formulations and
the use of penalty functions to extend these formulations.

The shear deformable finite element formulations described
by Engblom et al.,! which are applicable to thin to moderately
thick structures, utilize a feature developed by Engblom and
Ochoa? to compute interlaminar shear and normal stresses by
integrating the equilibrium equations through the thickness.
Typically, this feature results in a much-improved variation of
interlaminar shear and normal stresses compared to those
calculated from the constitutive equations.

Additionally, the penalty function has recently been used to
extend the shear deformable finite element plate formulation
whereby elements are layered through the thickness.?* Penalty
functions provide continuity through the thickness at interele-
ment boundaries. Effectively, the penalty functions act as very
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stiff springs connecting two elements through the thickness,
and the penalty parameters represent the spring constants. If
the penalty parameters are set equal to a very large number,
continuity is maintained; on the other hand, if the penalty
parameters are set equal to zero, then a discontinuity between
the two elements is modeled. Because of the versatility of the
shear deformable penalty formulation, problems such as
stresses in thick plates or stresses in the vicinity of debond may
be studied by using the 20-noded solid element formulation.

It is notable that, in the present work, LaGrange multipliers
could be used to enforce continuity between the elements. The
penalty function was chosen for this purpose because it does
not add degrees of freedom to the system, whereas each La-
Grange multiplier represents an additional degree of freedom.
Chatterjee and Ramnath’ have used the LaGrange multiplier
in their efforts to model laminated structures as an assemblage
of sublaminates. In this case, a sublaminate, by their defini-
tion, is equivalent to one layer of elements in the proposed
work. Although Chatterjee and Ramnath do not consider

Fig. 1 Typical solid element showing nodes 1-20 and the elemental
coordinate system.
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Fig.2 Two stacked 20-noded solid elements showing nodes at the
common boundary.

thick plates and shells, they do study laminated plates with
delaminations.®

II. Displacement Variation

Engblom and Fuehne®* have demonstrated the effectiveness
of coupling the penalty functions and the integration of the
equilibrium equations within a shear deformable plate formu-
lation for computing interlaminar shear stresses in thick com-
posite plates. Comparisons with elasticity solutions for prob-
lems of sinusoidal and cylindrical bending illustrate significant
improvement as the number of layers is increased. However,
the eight-noded plate element is inadequate in modeling prob-
lems where the interlaminar normal stress is important be-
cause the transverse displacement is assumed constant through
the thickness of the element.

In order to effectively model problems that contain signifi-
cant variations in interlaminar normal stress through the
thickness, a 20-noded solid formulation is considered. Of
particular interest is the unique coupling of the solid element
formulation and the integration of the equilibrium equations
to obtain interlaminar stress predictions. As a result of the
transverse displacement being a function of the through the
thickness coordinate, it is expected that the integration of the
equilibrium equations will be effective in modeling the free-
edge problem. Additionally, the penalty functions are also
included in the formulation so that problems with discontinu-
ities, like the double cantilever beam or a laminated plate with
a debond at the free edge, may also be investigated.

The formulation of the 20-noded solid element is similar to
that described by Cook.” Figure 1 shows a typical solid ele-
ment with the elemental coordinate system. Each of the 20
nodes contains three displacements, but rotations are omitted.
The displacements in the x, y, and z directions, in terms of
nodal displacements and shape functions, are given by

20

ux,y,2) = };lNi(E,n,s“)ui (1
20

v(xy.2) = _;}M(E Vi ()
20

w(x,y,z) = _§1M(£’77,§-)Wi 3)

Utilizing these shape functions guarantees a tri-quadratic vari-
ance of displacements for the solid element. For example,

u = u(L X0, 2,X0,X5Y2XV%s - - - » X2y5,xy%,xpz%)  (4)
The calculation of the solid stiffness matrix uses a layer-by-
layer approach that is capable of handling orthotropic plates

with different fiber orientations or different materials for each
layer. Evaluation of the stiffness matrix is performed by inte-

grating over the volume of the element and using a procedure
similar to the trapezoidal rule:

NL +10+1
K]= ¥ <§ j [BI*TIDIF[BI*IJ 1% d& dn> )
-1

K=1 -1

where NL is the number of layers in the element. It should be
noted that as the summation proceeds from layer to layer,
matrices [B] and [J] are calculated for each layer and the
matrix of material properties [D] is modified based on fiber
orientation. The above integral is evaluated using 3 x 3 Gauss
quadrature for all strain energy components—no shear lock-
ing effects are evident with the solid element. An eigenvalue/
eigenvector test for this specialized integration scheme pro-
duced the desired six zero eigenvalues, and the associated
eigenvectors accurately represent the six rigid-body modes of
behavior.

Constraint Equations

Writing the constraint equations for the solid element is
quite simple. Figure 2 shows two stacked 20-noded solid ele-
ments. Since the solid element has nodes that lie on the inter-
face between the elements, the constraint equations for nodes
1 and 2 in Fig. 2 are

U —u, =0 6)

vi—v,=0 )

wi—wy =0 ®)
or, in matrix form,

[C1té3 =0 ©)

where [C] is a matrix of constants, and & is a vector of degrees
of freedom.

Implementing the penalty functions to provide the con-
straints is quite simple. The energy functional is modified with

IT* = V5 {8}7[K1{6) — (8})T(R} + LAICY (8} T[d[C]{6} (10)
and minimizing gives

oIl*
=5 = K1+ 1eraaic] sy - (ry =0 a

As aresult of the penalty functions, the stiffness matrix of the
finite element method is augmented by the matrix product
[CY [a}IC]. The « term represents the penalty parameters. If
o = 0, then the constraints are ignored; however, as o grows in
magnitude, the constraints are more nearly satisfied. The ad-
vantages of the penalty functions are that there are no extra
degrees of freedom added to the system, which is not the case
with LaGrange multipliers, and the forces of constraint be-
tween nodes, which are equivalent to the LaGrange multipli-
ers, can be approximated by using

{Fc} = [C1[a][C1{8} 12

Penalty Parameters

The [o] matrix in the triple matrix product [C]7[«][C] is a
3 x 3 matrix containing the penalty parameters on the diago-
nal and zeroes elsewhere. To add flexibility to the formula-
tion, three penalty parameters are specified: two that maintain
continuity of the interlaminar shear stresses through the thick-
ness and a third that maintains continuity of the interlaminar
normal stress through the thickness. Specifically, these are
referred to as (o, o, o,,), Where the subscript identifies the
appropriate continuity through the thickness. There exist situ-
ations where there is continuity in the interlaminar normal
stress through the thickness, but discontinuity in the interlam-
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inar shear stresses, as in a delamination that is being com-
pressed. The present formulation allows for this by preventing
two layers from displacing through each other in the z direc-
tion. The penalty parameters o, and «, are set equal to zero
and o, is set equal to a very large number. This creates a
discontinuity in the transverse shear stresses but maintains
continuity through the thickness for the transverse normal
stress.

III. Stress Analysis
Constitutive Equations

Stresses computed by using the constitutive equations for
the 20-noded element proceed directly from the displacements.
Utilizing the three-dimensional, triquadratic shape functions
of the 20-noded solid element, Eqs. (1-3) show that each of
the three displacements is quadratic with respect to each of the
coordinates x, y, and z. The strains, which are partial deriva-
tives of the displacements, are given as

ou

& =5 = e =m0yl (13)
€ = % =e, = hy(x2,y,2%) (14)
€= % =€ = hy(x?y%2) 15)
Yoy = 3—; + % =Yx = ha(x%,y%,2%) (16)
Voo = g—tz{ + % =Y = hs(x%,y%,2%) 17
Ve = g—: + %‘; =7y = he(x%,y%,2%) (18)

The variation with respect to the through the thickness coordi-
nate z of the shear strains is quadratic. In matrix form, the
calculation of the strains for layer k is

(e}t = [BYF(8}* 19

The stresses in layer k are computed using the three-dimen-
sional stress-strain relations, which are expressed in matrix
notation as

{0} = [D]*(e}* (20)

Because of the variations in the strains indicated by Egs.
(13-18), the stresses, as computed in Eq. (20), vary quadrati-
cally in all three directions. Using the 20-noded element allows
for computation of the ¢, from the constitutive equations—a
significant advantage over the plate element—but at the cost
of more degrees of freedom and bigger models. Another sig-
nificant departure from the plate element is that the interlam-
inar shear stresses computed from the constitutive equations
for the solid element vary quadratically through the thickness.
Determining whether there is any benefit to integrating the
equilibrium equations is the next task.

Equilibrium Equations

Integrating the equilibrium equations through the thickness
results in a much improved parabolic distribution of interlam-
inar shear stresses through the thickness of the 20-noded solid
element. As shown earlier, the stresses computed using the
constitutive equations vary quadratically in all three direc-
tions. Neglecting body forces, the equilibrium equations are
expressed as

doy | 07y 07y

=0 21
ox ay 0z @D

97y | 90y | 97y,

=0 22
ax ay 0z @2

=0 23
ox ay 0z @3)

Rearranging the equilibrium equations to solve for the
through the thickness stresses yields

07y, do, a'rxy> 5 a3
—_—= = — 4+ — "z = N N 24
a7 <ax 3 =7y = pi(x%y%2°) 24
a7y, <67xy aay> s 5.3
— = -+ = Y2, 25
% ax T ay = Ty, = Po(x%,y%,2°) (25)

Solving for the interlaminar shear stresses by integrating Egs.
(24) and (25) provides the improved cubic variation in the z
direction illustrated by the functional forms in Eqgs. (24) and
(25).

Computing the partial derivatives of the equilibrium equa-
tions relies on the smoothing functions derived for the in-
plane stresses. The smoothing functions are based on the
values of the in-plane stresses at the Gauss points. Cook’
documents that, for the quadratic solid element, the location
of the optimal points for stress calculation are the 2 X 2 X 2
Gauss points. Since stresses are computed for each layer for
the solid element in the present work, Gauss points in the
transverse direction are not used. A detailed investigation was
undertaken to determine the optimal points of stress calcula-
tion, and the results verified that the 2 X 2 points were optimal
for stress calculation. With only four points of stress calcula-
tion, bilinear smoothing functions of the form

ox = Co+ Cif + O + Cefy (26)

are derived for the in-plane stresses. The biquadratic variance
through the thickness of the in-plane stresses is implicit to the
formulation.

Partial derivatives with respect to the £ and 5 of the in-plane
stresses are easily computed for each layer from the smoothing
functions, and the inverse of the Jacobian matrix is used to
transform them to partial derivatives with respect to x and y.
Equations (24) and (25) can be rewritten for the jth layer as

do, Ot
Arg, = —| =+ —1‘2> ; 7
Txz <3X ay jAzJ 27
a7 do
(s

where A7;; represents the change in stress from the lower to the
upper surface of layer j and Az; is the thickness of layer j. The
right-hand sides of Eqs. (27) and (28) are known based on the
derivatives of the smoothing functions for layer j and the
thicknesses; hence, shortening the right-hand sides, equation
(27), expressed for the jth layer, becomes

Tagj oy — Tagy = Ixzj 29)

For a laminate that is continuous through the thickness, the
lower and upper surfaces are shear-free surfaces. Writing Eq.
(29) in matrix notation for n layers yields

(1 o0 -+ «+v «-v 0] "sz; fIxz:

-1 1 0 -+ «++- 0 : :

0 -1 1 -+ «cv 0 Pl = (30)
0 -1 1 : :

0o 0 0 --- 0 -1 erz" I,

L . -/ . -/
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Table 1 Normalized stresses in a [0 deg/90 deg/0 deg] square simmply supported plate
subjected to a sinusoidally varying pressure

Ox ay Txy Txz (0,%0) Txz (0,‘51,0) Tyz (3,0,0) ?yz(g,O,O)
S Layers (g,g, + g) (g,g, + %) 0,0, g) Constitutive  Equilibrium Constitutive Equilibrium
1 0.454 0.355 0.045 0.155 0.298 0.142 0.196
3 0.750 0.545 0.064 0.354 0.262 0.223 0.244
4 5 0.761 0.548 0.064 0.375 0.325 0.228 0.239
E 0.755 0.556 0.051 0.282 0.282 0.217 0.217
A
Qa
Q
o — > X Fig. 4 Reference coordinate system for the model of the plate strip

Fig. 3 Notation for the simply supported square [0 deg/90 deg/0
deg] plate subjected to a transverse sinusoidal distributed pressure.

Equation (30) represents n equations in 7 — 1 unknown inter-
laminar shear stresses at the layer interfaces. Utilizing a least
squares orthonormalization procedure, Eq. (30) is solved for
the shear stresses at the layer interfaces. This procedure is
similarly performed to solve for 7,, at the layer interfaces as
well. Computing the interlaminar normal stress from equi-
librium, however, is not beneficial. Creating bilinear smooth-
ing functions for the interlaminar shear stresses from equi-
librium and integrating gives

a d a
_ﬁ — <_ﬁ + —T—yz> =0, =p3(x2,y2,22) (31)
ox 0y

0z

Since there is no benefit from computing the transverse nor-
mal stress from the equilibrium equations, all transverse nor-
mal stress results presented herein are computed using the
constitutive equations.

IV. Results

Sinusoidal Bending Stresses

The effect of transverse shear deformation and the inade-
quacies of classical laminated plate theory (CPT) were demon-
strated by Pagano® in 1970. He derived exact elasticity solu-
tions for square and rectangular bidirectional plates subjected
to a sinusoidally varying transverse pressure. Comparisons to
CPT showed the significance of transverse shear deformation,
particularly for plates with low span-to-depth ratios. He notes
that two of the limitations of CPT are the restriction of the
Kirchhoff hypothesis, which, by forcing normals to remain
normal, neglects shear deformation and the use of a plane

subjected to cylindrical bending.

stress constitutive law, which poorly characterizes the inter-
laminar stresses. As the span-to-depth ratio increases, CPT
converges to the elasticity solution. Two of these cases dis-
cussed by Pagano are considered in the present work.

The sinusoidal variation of the pressure is given by

X
p=gosin Zsin ™ (32)
a a

Consistent nodal forces are computed using
{Fi)= - j [N:17p dA (33)
A

where

{Fi}T = [Fy, F), F,] (34

and [NV;] is a matrix consisting of the shape functions.

The first case modeled is a square plate with dimensions
a X a and of thickness 4. Figure 3 shows the geometry and the
boundary conditions of the problem, and a uniform 6 X 6
mesh is used with the number of layers through the thickness
varying from 1 to 5. The orthotropic material properties of the
plate are those typical for a high modulus graphite epoxy:
EL/ET = 25, GLT/GTT =2.5, and ViT = Vrr = 025, where L
indicates the direction parallel to the fibers, and T is perpen-
dicular to the fibers. Table 1 presents normalized stresses for
a simply supported square [0 deg/90 deg/0 deg] plate sub-
jected to a sinusoidally varying load using the 20-noded solid
element for a span-to-depth (aspect) ratio of four. In-plane
stresses are computed using the constitutive equations, while
the interlaminar shear stresses are found by integrating the
equilibrium equations. The normalized quantities are

1
(0, (_7y, i'xy) = ﬁ((’x’ Oy, Txy) 35)
0

1
(Txz 7_'yz) = ﬁ(ﬂw Tyz) (36)

where g, is the maximum pressure, applied at the center of the
plate, and S is the aspect ratio. All values of stresses represent
maximum values, and the table indicates the points of consid-
eration on the plate. Refer to Fig. 3 to locate those points on
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the plate. For an aspect ratio of 4, significant improvement is
achieved as the layers are increased from 1 to 5. The solution
labelled E represents the exact elasticity solution derived by
Pagano.? Interlaminar shear stresses from both constitutive
and equilibrium equations are included. As discussed earlier,
interlaminar shear stresses computed from constitutive equa-
tions are quadratic through the thickness, whereas those
stresses computed using equilibrium equations are cubic
through the thickness. Close observation of Table 1 shows
that interlaminar shear stresses found by integrating the equi-
librium equations are clearly more accurate than those com-
puted from the constitutive equations.

Cylindrical Bending Stresses

A second example considered is the cylindrical bending of
cross-ply composite plates with aspect ratios of 4. In 1969,
Pagano® provided exact elasticity solutions for the cylindrical
bending of a [0 deg/90 deg/0 deg] orthotropic plate. Again,
his solutions demonstrated the deficiencies of CPT. Figure 4
shows the coordinate system of the model. Because of the
simplicity of the loading and boundary conditions, only a strip
of elements is required to effectively model the cylindrical
bending problem. The orthotropic material properties are
identical to those in the previous example. The following
figures present plots of normalized in-plane normal stress and
interlaminar shear stress through the thickness of the plate
strip. The functions are normalized as follows

— z_z
Xz T ’ -
do H

7, = @2, G7)

where g, is the maximum applied pressure, which occurs at the
center of the plate strip, H the .total thickness of the plate
strip, L the total length of the strip, and Erthe elastic modulus
transverse to the fiber direction. For the finite element results,
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Fig. 6 Comparison between computation of the interlaminar shear
stresses with the constitutive equations and the equilibrium equations.

Oy

Txy

Fig. 7 Geometry and notation for composite laminated plate sub-
jected to a uniform axial load in the x direction.

a 20-element strip of uniform elements is used in the plane,
and models containing 1 and 3 layers are used through the
thickness. The transverse pressure for cylindrical bending is
given by

. TX
P =qosin —= (38)

where g is the applied pressure, and L is the length of the
strip. To compute the consistent nodal forces, the pressure is
integrated over area as in Eq. (33).

The first case considered is the cylindrical bending of a
cross-ply [0 deg/90 deg/0 deg] simply supported plate strip of
span-to-depth ratio equal to 4. Figure 5 shows the interlaminar
shear stress 7., between the [0 deg/90 deg] layers through the
thickness of the laminate. Both one- and three-layer models
are compared to the exact elasticity solution and the plotted
interlaminar shear stresses were found by integrating the equi-
librium equations. Significant improvement with additional
layers is clearly in evidence. A comparison of interlaminar
shear stresses computed with the constitutive equations and
those calculated by integrating the equilibrium equations for a
three-layer model is shown in Fig. 6. As with the previous
example, the integration of the equilibrium equations has
improved the interlaminar shear stress predictions for the
20-noded solid element. It is notable at this point that
Fuehne!® introduced a detailed comparison of interlaminar
shear stresses computed with the constitutive equations and
the equilibrium equations in thick composite plates with both
the 20-noded solid element and the eight-noded plate element.
For both of the cases considered in this paper, the eight-noded
plate element penalty formulation provided more accurate
interlaminar shear stresses than the 20-noded element formu-
lation. This is a significant conclusion as the eight-noded plate
element, with 48 degrees of freedom per element, is more
computationally efficient than the 20-noded solid element
with 60 degrees of freedom per element. As mentioned earlier,
though, the eight-noded plate element is incapable of model-
ing problems with significant interlaminar normal stresses.
One of those examples is the free-edge problem.

Free-Edge Stresses in Cross-Ply Laminates

In 1970, Pipes and Pagano!! studied the stress field near a
free edge in a symmetric composite laminate subjected to a
uniform in-plane strain. For an isotropic or unidirectional
composite laminate, these stresses do not exist. However,
when composite layers of different fiber orientation are
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Fig. 9 Interlaminar shear stress between the [0 deg/90 deg] layers of
a [0 deg/90 deg]s laminate subjected to axial extension. Fifty uniform
elements are used from the center to free edge of the plate.

stacked in a laminate, the resulting mismatch in Poisson’s
ratio creates a complicated elastic response. Complex shear-
transfer mechanisms between layers produce significant trans-
verse shear and normal stresses between layers, which ad-
versely affect the strength and life of a composite. Using a
finite difference solution of the elastic equations, they sug-
gested the possibility of a stress singularity at the free edge.

In 1976, Wang and Crossman!? adapted the skyline matrix
storage scheme and, together with a constant strain triangular
finite element formulation, developed a two-dimensional solu-
tion that reinforced the singularity proposal. Their published
solution represents a benchmark for the free-edge problem. In
the following examples, interlaminar normal stress is com-
puted by employing the constitutive equations while the inter-
laminar shear stresses are found both by utilizing the constitu-
tive equations and by integrating the equilibrium equations.

The first case considered is the uniform axial extension of a
[0 deg/90 deg]s laminate. Figure 7 shows the geometry and
notation of the free-edge problem. Note that the fiber orienta-
tion angle 8 is defined with respect to the x axis, the direction
of the applied strain. For the [0 deg/90 deg]s laminate, two
four-layer models consisting, respectively, of a strip of 20 and
50 uniformly spaced 20-noded elements per layer were used.
Consistent nodal forces for a laminate subjected to a uniform
axial strain are found by using

L +1{+1
{(F}= NE G E [BIFIDY*{eo} I/ 1% dE dn> (39
~1

k=1 -1

where {F} is the vector of elemental nodal forces, ¢, the
applied strain, [B] the strain-displacement matrix, [D] the
stress-strain matrix, NL the number of plies, I/l the determi-
nant of the Jacobian matrix, and £ and 5 the isoparametric
coordinates. The two-dimensional integral is evaluated using
(3 X 3) Gauss integration.
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Figure 8 compares the transverse normal stress o,, com-
puted using the constitutive equations, between the [0 deg/90
deg] layers of the laminate, with the results derived by Wang
and Crossman. The smaller model has 20 elements per layer
and the larger has 50 elements per layer. The elements are
uniformly spaced from the center of the plate to the free edge.
Since each model contains four layers, the smaller model has
80 elements and the larger model has 200 elements. Note that
the model size is indicated in the legend. The present results
compare favorably with Wang and Crossman’s results, and
note that the finer mesh produced little improvement. The 48
and 49 labels in the legend refer to the sublayer, or ply, from
which the stress values are obtained. As previously described,
the stresses from the constitutive relations are computed for
each ply. Typically, each layer is subdivided into 24 plies, and
24 would be the value of NL in Eqgs. (5) and (39). As a result,
the stresses from the constitutive equations are not at the
interface but at the center of the plies. In these four-layer
models, therefore, there are 96 plies in which stresses are
computed and 48 and 49 represent the values at the center of
the plies on either side of the interface. Careful inspection of
Fig. 8 shows that there can be a nontrivial difference between
the values on either side of the interface. A recommendation
for determining the value of the stress at the interface is to
average the values on either side of the interface. This is also
true for the interlaminar shear stresses presented in the forth-
coming figures.
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Fig. 10 Side view of the model of a [0 deg/90 deg]s laminate with a
debond between the [0 deg/90 deg] interface, which is indicated by the
arrow. The layer thickness is # and the circle marks the distance 24
from the free edge.
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delamination at the free edge equal to one ply thickness.
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Fig. 12 Interlaminar shear stress 7,, between the [0 deg/90 deg]
layers of a [0 deg/90 deg]s laminate subjected to axial extension with
a delamination at the free edge equal to one ply thickness.
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Figure 9 contains interlaminar shear stresses between the [0
deg/90 deg] layers for the same [0 deg/90 deg]s laminate
subjected to axial extension. The model has four layers with 50
uniformly spaced elements per layer. Of particular interest is
the comparison between interlaminar shear stresses computed
with the constitutive and equilibrium equations. In the legend,
the curves labeled 48 and 49 represent stresses computed using
the constitutive equations in the sublayers on either side of the
interface. The stresses calculated with the equilibrium equa-
tions are located at the interface, as are Wang and Crossman’s
data, and depict a more realistic solution as a result. For this
problem, the free edge is a stress-free surface and, from Fig. 9,
it’s notable that shear stresses computed by integrating the
equilibrium equations best approximate this condition.

Stresses near a Free-Edge Debond

As previously mentioned, the penalty function formulation
described herein allows stress analysis of problems with dis-
continuities through the thickness. Although there are no
available solutions with which to compare, a cross-ply, [0
deg/90 degls plate with a delamination between the [0 deg/90
deg] layers at the free edge and subjected to a uniform axial
strain is considered. The notation and geometry for this prob-
lem are given by Fig. 7. Three different debond lengths, in-
cluding one-half, one, and two ply thicknesses from the free
edge, are examined in detail by Fuehne.!® In this work, only
the debond length equal to one ply thickness is presented. A
model, consisting of four layers and 110 20-noded elements
per layer, is displayed in Fig. 10. Note that the debond lies
between the second and third layer, as indicated by the arrow,
and that the circle is a distance 24 away from the free edge.
Through the skiliful use of PATRAN, " a model limiting the
use of the penalty functions to certain predetermined critical
interfaces is created. In this model, penalty functions are only
used for the distance between the circle and the free edge.
Varying debond lengths are obtained by setting the penalty
parameters (analogous to spring constants) equal to either a
large number, representing continuity, or zero, signifying dis-
continuity. Because of the flexibility of the formulation, mod-
els with relatively small bandwidths and storage requirements
are possible.

Figure 11 presents the transverse normal stress between the
[0 deg/90 deg] layers for free-edge debond thicknesses equal to
one thickness along with the stresses obtained earlier for the
free-edge problem with no debond. Similarly, the curves la-
beled 48 and 49 refer to the plies located on either side of the
[0 deg/90 deg] interface. All transverse normal stress values
are computed using the constitutive equations. A significant
stress magnification, nearly equal to that at the free edge
without the debond, is realized at the tip of the debond. It is
notable that the area between the debond crack front and the
free edge is a stress-free surface. Averaging the interlaminar
normal stresses on either side of the interface produces a value
very near zero.

Finally, Fig. 12 reveals the predicted interlaminar shear
stress field near the debond between the [0 deg/90 deg] layers.
Again, designations 48 and 49 refer to interlaminar shear
stresses computed using the constitutive equations on either
side of the interface. Interlaminar shear stresses calculated by
integrating the equilibrium equations are labeled as EQ.
Again, a significant shear-stress magnification, which ap-
proaches twice that of the bonded free-edge value, is observed
at the tip of the debond. Close examination of the plot indi-
cates that averaging the interlaminar shear stresses computed
using the constitutive equations produces a value approx-
imately equal to those found by integrating the equilibrium
equations everywhere except for a short distance near the
debond tip and the area beyond the.tip. A very important
observation is that the free surface between the debond front
and the free edge is a shear-free surface. The integration of the
equilibrium equations aiitomatically produces zero interlami-
nar shear stress at those interfaces. The interlaminar shear

stresses computed by employing the constitutive equations,
however, are not zero on either side of the interface and even
an average of the values above and below the interface does
not produce zero stress. Obviously, the interlaminar shear
stresses calculated by integrating the equilibrium equations are
more realistic than those from the constitutive equations for
this problem.

V. Conclusions and Recommendations

In this work, a unique coupling of a 20-noded solid element
formulation, the integration of the equilibrium equations, and
a penalty function method are detailed. Interlaminar shear-
stress predictions through the thickness are improved by inte-
grating the equilibrium equations for thick laminated plates
and a cross-ply plate subjected to a uniformly applied strain.
By using the penalty functions to represent discontinuity be-
tween layers, interlaminar normal and shear stresses are inves-
tigated in a cross-ply plate with a debond at the free edge and
subjected to a uniform strain. Significant magnifications in
interlaminar normal and shear stress occur at the tip of the
debond. A more suitable variation of interlaminar shear
stresses is obtained for the debond problem by integrating the
equilibrium equations through a stack of elements and ac-
counting for the discontinuity at the debond. The forces of
constraint between nodes may be approximated using the
nodal displacements with the penalty functions. In this work,
the forces of constraint are not utilized; however, these forces
could be utilized in a fracture mechanics approach to estimate
debond growth.
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